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Fragmentation of thin lenses
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In the paper it was investigated the case of the quasi-two-dimensional fragmentation -
fragmentation of the round “lenses” considering dependence of the probability of splitting
on energy required for this, i.e. the surface of split area. "lenses” — plates with variable
thickness. In the paper "lenses” of several types was investigatet, for each case fragment
mass distribution was obtained analytically. In the general case - in parametric form and
asymptotics explicitly.
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B pabore ncciaemoran cayvail KBasuIBYMEPHOU ()parMeHTanuu - (PparMeHTannd KPyIrJablX
"amE3" ¢ y4éTOM 3aBHCHMOCTHA BEPOATHOCTH OTKOJA OT HEOOXOAMMOII IJIA 3TOr0 HEPIuH,
T.¢. OT IJIOIIAJM IIOBEPXHOCTH OTKOJA. JIMH3BI  — ILIACTHHBLI IEPEMEHHOI TONIWHBI. B pa-
6oTe HMCCACNOBAHBI JHH3BI HECKOJBKHX BULOB, A KAXKIOTO CJIYy4Yad AHAJIUTHUCCKH IIOJY-
YEeHO pacIIpejiesleHne OCKOJKOB II0 MaccaM. B ofIieM ciaydae — B IIApaMEeTPUUECKOM BHIC, a
TAKM¥e ACHMITOTUKN B ABHOM BUJE.

®parmenTtania Tonkux aias. P.€. LBpodcovruii, T.B. Kyurix

Y poborti mocrnimxennii BUNIAIOK KBasimBoBUMipHOI ¢parmeHnTanii — gparmenTanisa kpyr-
aux “niHs” 3 ypaxyBaHHAM 3allesKHOCTI iMOBipHOCTI BigKOny Bif HeoOXigHOI AJA I[LOTO
eHeprii, ToGTO Bij IUIOIIMHHU MOBepxXHi Bigxosy. "Jlimsu" — miaacTUHU 3MIiHHOI TOBIUHU. Y
poboTi gocaimekeni "aimsu” AeKINbKOX BUAIB, MJIA KOMKHOTO BHIAAKY aHAJIITHYHO OTpPUMA-
HUH PO3NMOAiN ynraMKiB 3a macaMu. B saraspHOMy BUIIaAKY — B ITapaMeTpPUYHOMY BUAi, a
TAKOYK ACUMITOTUKU B SBHOMY BWIi.

1. Introduction.

The fragmentation or subdivision of the material — a process commonly used in the technology, as
well as one of the most widespread in nature [1]. So wide processes group requires a classification. Frag-
mentation processes usually classified by the characteristics of the two types. The first characteristic —
the characteristics of the objects are destroyed, the second — the characteristics of the method of expo-
sure. One of the common characteristics is a dimension of destructing object. There are one-dimensional,
two-dimensional and three-dimensional fragmentation [2]. One-dimensional fragmentation occurs, for ex-
ample, in the case of cutting of the long molecules or destruction of long thin rods. Two-dimensional
fragmentation is the fragmentation plates [2] of various shapes. Three-dimensional fragmentation — frag-
mentation of volumetric bodies [3-10]. By way of exposure fragmentation can by classyfied to “weak”
(single-impact) and “strong” (mulfi-impact, long) fragmentation [11]. In the case of single-impact frag-
mentation the result depends on the initial shape of the sample and the method of the strike, the long
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Fig. 1. General designations.

fragmentation often characterized by “forgetting” of initial conditions of the system [12]. Earlier in [13]
the fragmentation of circular plates of zero thickness was studied, i.e. two-dimensional fragmentation.

In this paper, the case of the quasi-two-dimentional single-impact fragmentation was studied. For this
it was studied the fragmentation of plate of finite thickness, with the thickness of the plates can be either
constant or may vary at different points of the plate. Such plates are, generally speaking, lens-like three-
dimensional bodies. However, if the plate is sufficiently thin, it can be assumed that the plane of split is
perpendicular to the plane of the plate, in this case the description of the fragmentation process can be
performed in two dimensions. Therefore, this type of fragmentation can be called a quasi-two-dimentional.

The thickness of the plates taked into account as follows. At splitting of a plate of finite thickness
break of links in the material on the surface of the split takes place. This decoupling should be consumed
energy. It is reasonable to assume that the probability of a split depends on the necessary for this energy,
that expended to the formation of a new surface of split and therefore depends on the surface of the split
area. This surface area will depend on the position of the split line (line of intersection of the planes of
the lens and split). This means that from the probability distribution of the division, which depends on
energy, it is possible to obtain the probability distribution of a position of line of split location. And thus,
the resulting distribution of fragments by mass.

In the paper the round plate with a centrally symmetric profile thickness was discussed. Those, the
plate thickness is a function only of distance from the center, so the plate is a “lens”.

Problem formulation. Let’s consider the fragmentation of thin circular “lens” with radius R. We con-
sider the fragmentation of the plate by the single crack. The crack is direct, i.e. it represents (in the
plane of the plate) the chord at distance h from the center. Let’s introduce a coordinate system (z,y)
with the center in the center of the plate. The plate is central-symmetric, i.e., plate thickness 5 (z,y) is
a function only of the distance r from the center of the plate. Hence, the area s of the split surface will
dependes only on h and not dependes on the angle of the crack in the specified coordinate system. Hence,
for convenience we can orient the coordinate system so that the horizontal axis is parallel to the crack,
as shown in Fig.1.

The area of the split surface will be equal to

VETR?
S (k) = (/ 0 (r (z)) de
VER?

Since the split of plate requires energy proportional to the area of the split surface, the probability of
the split by given chord will depend on the need for this energy, i.e. from s (k).
With spalling on chord remoted from the center at a distance h, the given fragment mass will be

R
mh) =0 [ sy
h
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where o is density of the lens material. Thus, knowing the probability distribution of area s of the split
surface, we can determine the probability distribution of &, and so the distribution of the fragments by
mass m.

The purpose of this work is to get the mass distribution of the fragments for several “lenses” with
desired thickness profiles 5 (). Namely a convex “lens”, concave “lens” and flat “lens” will be considered.

2. Fragmentation of the convex lens.

As an example of a convex “lens” let’s take the parabolic “lens” — a plate with a thickness profile

n(r)==k <R2 — 7"2)
Such lens shown at Fig.2.
The area of a split surface along the chord at the distance & from the center of this plate will be equal

s(h) = %k (R2 —72)*/?

The mass of cutting fragment at this case is

(h) = ho B! 3 E—arcsinﬁ —sin 223u1"csinﬁ —lsin élzaul"(:sinﬁ
TR 22 R R)”® R

It is important to note that both area s (k) and the fragment mass m (h) decreases monotonically with
h (this is clear from simple geometric considerations). From this it follows that if P, (s) — probability
distribution of splitting with the formation of the new surface with area s, i.e. Pr{s € [0, smax|}, and
P, (m) — probability distribution of forming of fragment with mass m, i.e. Pr{m € [0, mmnax]}, then

P (m) = P (s (m))

Thus, if we know the distribution P; (s), then in the case of a parabolic lens distribution P, (m) can
be obtained from P (s) and parametric coupling s (m) in the form

4 3/2

s(h) =3k (R* — h?)

(h) = koRY[3 (= arcsin u sin ( 2 arcsin h 1sin 4 arcsin i
T TR 2\ 2 R R) ™8 R

And get the distribution density by differentiation of the distribution function as the parametric
function.
Let’s take

Pi(s)=AsY, O0<a<l,

here A — normalization factor. Normalization condition — Ps (smax) = 1. The value of « within (0, 1)

gives the increasing distribution function and as it should be, P; (0) = 0, and a decreasing function of

the density ps (s) = %S(S). This corresponds to a decrease of the probability of spalling with increasing

of energy need for this, that is justified from a physical point of view.

Let’s get asymptotics of density p,, (m) = %W(Lm) for given P; (s) in regions of big and small values of

4
hoft [2. 2] corresponds

the mass. Big fragment mass, i.e. mass, close to mass of half of the plate m.x =
to small A, % << 1. In this region

koR* h
3 R

3h o b 1h] )
9R "R ToR| Mm
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Fig. 2. The parabolic “lens”, side and top view. The fault at a distance h from the center of the lens is shown.

o4 a3 (B —m\ 2\
Pm<m>A<§’fR (1—§<1TR4>>>

Let o = 1/2. In this case norming factor

And thus

=

A= s 2= (%kR3>

3 3 2 1/2
Mmax — M
PMm)(“a(zw))

and

So density

3/3 1\’
P~ 5 (o) (s =)

Thus, at big masses region density distribution of the fragments by mass is linear.

Let’s get asymptotic for small masses m << mpyx. In this region h ~ R. Let’s inroduse small € such
that h=R(1 —¢), e << 1.

Note, however, that in expression for mass

m (h)

4
_ ko R B <7T

1
3 5 arcsin (1 — E)) —sin (2arcsin (1 —¢€)) — 3 sin (4 aresin (1 —€))
which should be expand with a small , includes arcsin (1 — <), and the derivative of arcsin (1 — ) tends
to infinity when ¢ — 0. Use as a small parameter § = \/e.

Let’s expand s (h) and m (k) with small ¢.

4 3/2 4 3
s(h) = 3k (R-r (-~ kR (v29)

In the expression for the mass all the terms of the expansion up to terms of order §* are zero. The
first non-zero term in the expansion and, consequently, the asymptotic behavior of the masses, has the
form

ko R: 1039
~ 9 x o 5
V2% 13

Thus, fragments distribution Py, (m) = P, (s (m)) with taken above P (s) = As~2 will have the form

m (h)

Py (m) = (\65)3/2, 5 =38 (m)
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0 1 2

Fig. 3. The distribution density of the fragments by mass and its asymptotic behavior in the case of
fragmentation of parabolic convex “lens”. Here 0 =1, k=3, R = 1.

koR*1039 ~\ /10
ol 2) m3/10

_ 93/4
P (m) =2 (8 120

From where the distribution density is equal to

ko R* 1039 2)3/10.317@7/10
10

- — 93/4 ki
Pm (m) ( 8 120

Thus, we obtained the asymptotic behavior of the distribution density of the fragments by mass in
the case of fragmentation of parabolic convex “lens” explicitly. On Fig.3 it shows these asymptotics and
density graph obtained by differentiating the distribution function P, (m) given parametrically.

Large-scale asymptotic is linear, small-scale is power with exponent —7/10.

3. Fragmentation of a flat circular plate.

Let us now consider a circular flat plate constant zero thickness n. We will find the distribution and
distribution density of the mass of the fragments in the fragmentation of such a plate in the case where
the probability of fracture depends on the area of formed surface.

As in the previous case, we assume that the surface of split perpendicular to the plane of the plate,
i.e. we are dealing with quasi-two-dimentional fragmentation. Also, as above, we assume that the surface
of the split is plane, i.e. in projecttion onto the plane of the plate, we are dealing with cutting a round
by chord.

In the case of flat plate area s of split surface and mass m of splinter decrease monotonically as in
the previous case, with increasing distance h from the crack-chord to the center of the plate. Thus, the

system
{ s=s(h)
m=m/(h)

sets in parametric form the function s (m). So, with the expression for the probability distribution P; (s)
of spalling in depending on the formed surface area, we can get the fragments mass distribution in the
form

P (m) = P (s (m))

And then get the distribution density, differentiating this expression on m.
In the case of a plate with thickness n

Functional materials, 23, 2, 2016 283



R.Ye.Brodskii, T.V.Kulik / Fragmentation of thin lenses

Let’s take, as above,

P (s)=As", O<a<l

A — norming factor, equal to A = 5., where smax — maximal possible section area, smax corresponds to
cutting of plate on diameter and equal to syax = s(0) = 2nR.
Expression for Ps (s) = As® and defined above in parametric case function s (m) combine parametri-
cally represented distribution P,, (m) of fragments by masses.
Let’s obtain asymptotics of distribution density in explicit form for small and big values of mass m.
Small m forms at h =~ R. Let’s write h = R (1 — 4), 6§ << 1 Then
o R .22 . 53/2
V2 3

s(h) ~ 2nRV2V8

m(h) =~

To convenience of comparison with other cases we take as above, a = 1/2. In this case

1/2
Py, (m) = As'/? = (277]%)71/2 (277R\/§\/5) — ol/4g1/4

Substituting & = 6 (m), obtaine

~1/6
oR?n .22 /6
V2 3

P, (m) = 2174 (

differentiating, obtain density

oR’y 2 AN 56
o (2021
V2 3 6

We now will find the asymptotic behavior for large masses. The large mass of fragments corresponds
to a small h = Ré < R. In this case

s(h)~ 2R (1 - %52>

m (h) ~ onR? (g - 25)

That is,
P (m) =P, (s(0(m)) = As 2~ 1 — 252 (m)

Py (m) = (1_i<g_ 07,7%2>2>1/4

(m)~ e (5
Pm A1) = S8onR2 \ 2 onR?

Or denoting mm,.x maximal possible mass of the fragment mpax = m (0) = ganRQ,

From where, density
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0 1

Fig. 4. Distribution density and asymptotics for case of flat plate. Here 0 =1, n =1, R = 1.

1
8 (onR2)’

Pm (m ~ (mmax - m)

The graph of density obtained by differentiating of parametrically given P, (m), and the asymptotics
is given in Fig. 4.

It is evident that found small-scale power and large-scale linear asymptotics fit to the exact density
with the great precision in respective areas.

Here and above we choose the distribution of split area in form P (s) = As®. In [13] the fragmentation
of round thin plates was considered, where the probability of spalling on the fracture with a particular
position is determined from other (geometric) considerations than in this work. One of the considered
cases in this article was a case where a crack-chords were distributed evenly over distance A from the
center of the plate, py, (h) = 4 = const.

Let us find the asymptotics of distribution density of the fragments by masses under these conditions,
using the approach applied above for Ps (s) = As®.

In this case, the distribution function of the chord on k has the form P, (h) = %, from where, since
the area s decreases monotonically with k and s (h) = 2nv/ R2 — b2, the distribution of the fragments on
the split area have the form

Po(s)=1- 1‘(2;}3)2

Let’s obtain the asymptotic behavior of the distribution density of p,, (m) for this case.
As it shown above, in small-scale region h = R (1 — §), § << 1 we have s (k) = 2nRv/2v/4. Substituting
this expression in Ps (s) we obtain

P(s)=1-v1—-20~34

Since P, (m) = Ps (s(6(m))) and in pointed region m (h) ~ ”\}2’7 -22.5%/2, we obtain

wlro

o= ()

From where density

wlro

=

or

(S
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that coincide with result, obtained in [13].
In large-scale region h = RS < R. In this case s (h) = 2nR (1 — $6?) and

Pi(s)=1-9¢

And since m (h) ~ onR? (5 — 26), then

and density

that also coincide with result of work [13].

4. Fragmentation of concave lens.

We have examined cases of fragmentation of convex ant flat plate. We now consider the fragmentation
of the concave parabolic “lens”. Let the dependence of the thickness of the “lens” on distance from the
center of the plate has the form

n(r) = kr?

In this case the function s (k) and m (k) are obtained by subtracting the corresponding expressions
for the convex “lens” from the expressions for a flat plate with a thickness of a flat “lens” n = kR? (fig.5).
Namely, the split area

s(h) = 207/ R? — h? — %k (R2 1Y, n=kR?,

ie.
s(h) = %k\/RQ — b2 (R? + 2h?)

and fragment mass

h h h?
m (h) = oni? (g —aurcsin}—2 - E”l_ ﬁ) -

koR* [3 h h 1
— 03R {5 (g — arcsin E) —sin <2 arcsin E) — gsin (4 arcsin%)} , n=kR?,

it.

1 K . h 2h h? 1 . o h
m(h):leR <§—arcsmﬁ—§ﬁ 1—ﬁ+ﬁsm (4arcs1nﬁ>>

These expressions determine function s (m) in parametric form. The graph of this function given on
fig.6.

The key difference from previous cases is that for such a lens the dependence of s (m) not monotonic,
and thus the dependence of m (s) ambiguous. That is, the same value of split surface area (and hence the
need for chipping energy) may correspond to multiple values of mass fragments.

Thus, equality P, (m) = P, (s(m)) in the case of concave “lens” is not realized.

Suppose, as before, that we know the distribution function P (s). In the case where the same s may
correspond to different values of m, we need to determine the pribability of these different m, if it is
known that the area of split is s.
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nparab.(r )

"

Fig. 5. The concave parabolic “lens”. This “lens” can be considered as the result of subtracting the convex
parabolic “lens” from the volume of the plate.
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Fig. 6. The dependence of area of the spalling surface on mass of the chipped fragment in case of a
concave parabolic “lens”.

We assume that if at certain value of s mass of the chipped fragments may have one of N values,
then the probability of spalling of fragment with any of these masses, in condition that the area of split
is s, the same and equal to 1/N;.

Now we find the distribution function B, (m).

1. Consider the region m € [0,mg). The graph shows that in the region m € [0,mg) function s (m)
reversible, so here, as in the cases above, we can find P, (m) as

P, (m)=P;(s(m)), m & [0,mp)

2. Consider the region m € [mg, ms_, ). We select in this region interval of the masses (mq, ms). This
interval of masses corresponds to the interval of split areas (s1, s2). The probability that the area of split
in the fragmentation of the lens gets into interval (s, s2) is Ps (s2) — Ps (s1). Since each value of the area
in this interval corresponds to two values of the mass, then according to the assumptions made above, the
probability of hitting the fragment mass in the interval (mq, ms) is 3 (Ps (s2) — Py (s1)). Thus, in region
m € [mo, ms, .. ) fragments distribution on masses have the form

P (m) = P (s (mo)) + % (s (s (m)) = Ps (s (mo))), m € [mo,ms,,.)
or
Py (m) — 22 (s (m)) +2Ps (s(mo)) o, me,.__)

3. Finally, let’s consider the region m € [ms,. , Mmax]. Arguing as in item 2, we get

P (m) — e (8 (M) + Pa (5 (mo0)) | Pa (8 (M) = P (S(W))7 I T

2 2

or, taking into account Ps (s(ms,_, )) =1

P (m)=1+ % (Ps (s(mo)) = Ps (s(m))), m € [ms,.., Mmax]

Let’s define values of so, M0, Smax, MspaysMmax-
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Values spax and m,___ can be found, determining the position of the maximum of expression s (h)
and substituting found h in expression s (k) and m (k). From s (h) = kv R2 — h2 (R? + 2h?) we obtain

hsmax - R/\/§

From where

2\/—kR3

Smax -

ko R* T 1
Memax = 79\ 4~ 3

Further, sp is the area of split at A =0,

2
— Z2kR3
3R

However, this area of split occurs and for some other A = hg. Mass mg is a mass of fragments, chipped
at the h = hg. Equating s (h) = sg, we obtain

V3
ho - TR
Thus,
/ / / V3
= —kaR4 % —arcsin4/ — — — - — + —sm 4 arcsin g
Finally,

Mmax = M (0) = %/fUR4
Let, as above P; (s) = As®,

0 < « < 1. As above, we take oo = =
entering in expression for Py, (

5. Probability P; (s (mo)) = Ps (so0),
m) above, is equal to

P, (s0) = AM%kRS

Thus, distribution of the fragments by mass at the fragmentation of the concave “lens” have the form
PS (S (m))7 me [07m0)
1
(Ps (s (m)) + Py (s (mo))), m € [mo, ms,,,.)

(1+Ps(s(m))), m €& [ms,,. . Mmax]

N — N

As (m)% , m € [0,mg)

1 s 2 \*
P, (m) 5 (As (m)z + A <§kR3> ) , mE [mo,ms_. )
1

3 (1 + As (m)%) , M E [Ms,, . Mmax]

at found above maq, ms_ .., Mmax and pointed above parametrically given function s(m). A — norming

faClOI‘, (fqual ‘O
1
2

=

A= (Smax)
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"
p(m) 0.00 o

0.001;

m m
% m, 1 2 m 0.675 Msax 0.68

Smax max

s

Fig. 7. The distribution density of the fragments by mass at the fragmentation of the concave “lens”.
Right the behavior of the density near the point m.,,,,, shown separately.

Thus, the probability distribution of formation of fragment mass m is obtained for fragmentation of
the concave lens. The probability density p,,, (m) can be obtained by differentiation of this distribution.
Figure 7 shows a graph of the density distribution. The graph obtained by numerical differentiation.

It can see that in points m = mg and m = ms___ the density have exception. When m = my finite
discontinuity take place, when m = ms_._ — a break. Indeed, for m = mp mode “one area — one mass”
regime replaced by regime “one area - two masses”. When m = m,___ similar fragmentation regime change
does not occur, and only values of the split area begin to repeat, values, that has taken place at lower
masses.

Let’s now find the asymptotic behavior of the distribution density. Asymptotic behavior of the func-
tion s (m) will be sought by determining the asymptotic behavior of the functions s (k) and m (h). This
can easily be done, taking into account that the concave “lens” is a flat “lens” from which convex is
“subtracted”.

At small masses m = 0, h=R(1 —0) = R

4
s (h) ~ 2nRV2V/6 — gkRS (26)* ~ 2qRV2V/S

2 4 2
m(h)%UR77.2%.53/2_@\/5X@55/2%0R77.22 52

NG 8 120 vz 3

i.e. coincide with the expressions in the case of “flat lens”. So and distribution at small m is equal to

P () =P () = (2 )1/2

Smax

And that means, that the asymptotic behavior will be similar to the asymptotic behavior of a flat

lens, but with a different value of sy .x. In the case of a flat lens sp.x = 277R, in the case of concave
$max = 22 kR® and n = kR2. Thus,

—1/6
__V2kR? ko] 22) / L s

oR*p 2 AN 5
=3 == .922 Z . 5/6
P ) \/—<\/§ 3) ¢ "

7 — thickness at the bound, n = kR?.
At large masses m — Mypax = %akR‘*, h — 0. Let % = 4. Then, considering, as above, a concave
“lens” as “remainder” of flat and convex, we obtain the asymptotic behavior

m (h (8)) = okR* (% - %5)
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s(h(8)) = kR® (; + 52>
From where

s(n@)kRS(ngg(E m

3 4
The distribution in this area has the form

1 dP;(s) ds
2 ds |,_ s(m) dm
Derivative of split area with respect to fragment mass is

ds 9 (e
dm 20R \4  okR*
For Py (s) — As}, A — sm2
dP, () 11 1
ds Jomgimy 2 V/Smax y/s(m)
Thus, asymptotics p,, (m) have the form

P (1) = T —

1

9 <7T m )
\/Smax 2 9 /7 m 2 2(TR 4 U]fR4
kR <§ +1(5 - 7m) )

Or, taking into account £ — 1 << 1 and spax = 2—ggkRg

| =

27 1
Pm (M)

B <7r m )

-~ 16-2Y4koR* \4  okR*

The resulting asymptotic behavior for large masses is linear, as in the previous cases.
Graph of density and found above asymptotics is shown in Fig. 8.

p(m)

2 My,
Fig. 8. The distribution density of the fragments by mass at fragmentation of concave parabolic “lens”
and the asymptotic behavior of the density.
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5. Conclusions.

Fragmentation of three kinds of quasi-two-dimensional round “lenses” are studied — parabolic convex
“lens” with the thickness profile 5 (r) = k (R? —7?), a flat plate of constant thickness 1 and a concave
“lens” with the profile 5 (7) = kr?. The study was conducted taking into account the dependence of the
probability of split on required for this energy, that is, the area of split surface. This dependence has been
selected as Ps (s) = As®, 0 < a < 1, where P; (s) — distribution function of split area. Results were as
follows.

1. For each case, the distribution function of fragments by mass analytically obtained. The function
obtained in parametric form, in the text of work there are graphs (Figure 3, Figure 4, Figure 8) of the
density of this distribution.

2. Also, in each case we obtained in an explicit form the asymptotics of the distribution density. These
asymptotics are also shown in the graphs (Figure 3, Figure 4, Figure 8) in the text of work. Asymptotics
are follows.

For a convex “lens”. Large-scale asymptotic behavior

(m) — 27 1 <7T m )
P AT = 30 ko RA\T ™ ko RA
Small-scale

koRY 1039 -\ 0 3
_ 3/4 { MLV AVOT L2 —7/10
P (m) =2 ( 8 120 2) 10"

For a flat “lens”. Large-scale asymptotic behavior

(m) ~ 1 ™ m
Pm AT 8onR? \ 2 onR?

Small-scale

2 —1/6
P (m) = 21/4 (M 22) LI 7

V2 3 6
For a concave “lens”. Large-scale asymptotic behavior
(m) — 27 1 <7T m )
Pm ) =16 211 ko R \1 ~ ohR*

Small-scale

9 ~1/6
o om) =2/ (250 08) e,

i.e. coincides with the asymptics in the case of a flat plate.

3. It was found that in all cases the large-scale asymptotic behavior is linear and small-scale — a power
with a different exponent for different cases.

4. In the study of the fragmentation of the flat plate was also investigated the case corresponding
to the one studied in [13], devoted to the fragmentation of plates of zero thickness. In this case, the
probability of spalling by a particular chord was introduced not depending on the split area, and on other
considerations. Namely, the case of the uniform distribution of crack-chords by distance from the center
of the plate was investigated. In this case, the probability distribution of split areas have the form

Blo)=1- 1‘(2;}3)2

For this case also obtained the asymptotic behavior of the distribution density of the fragments by
mass. They are as follows.
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Large-scale asymptotic behavior

Small-scale asymptotics

=

1 8
m(m) = | ——— m
Prm () <2x/§0R277)
Obtained expressions coincide with the expressions in [13].
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